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Abstract. Let G be a reductive group and let G be its Langlands dual. We give an 
interpretation of the dynamical Weyl group of G defined in [5] in terms of the geometry 
of the affine Grassmannian Gr of G. In this interpretation the dynamical parameters 
of [5] correspond to equivariant parameters with respect to certain natural torus acting 
on Gr. We also present a conjectural generalization of our results to the case of affine 
Kac-Moody groups. 



1. Introduction and statements of the results 

1.1. Notations and overview. We mainly follow the notations of [3]. So G D 
B D T is a reductive complex algebraic group with a Borcl subgroup, and a Cartan 
subgroup. Let G D T denote the Langlands dual group with its Cartan torus. Let 
X = C((t)), = C[[t}}. The affine Grassmannian Gr = Gr G = G(X)/G(0) carries 
the category Perv G ( )(Gr) of G(0)-equivariant perverse constructible sheaves. It is 
equipped with the convolution monoidal structure, and is tensor equivalent to the 
tensor category Rep(G) of representations of G (see [8], [6], [10], [2]). We denote 
by S : Rep(G) — > Pervc(o) (Gr) the geometric Satake isomorphism functor, and by 
S : Rep(G) — > PervG(o)*c» (Gr) its extension to the monoidal category of G(0) x C*- 
equivariant perverse constructible sheaves. 

The Lie algebras of G D T are denoted by g D t. We have t = t* canonically. The 
Weyl group of G, G is denoted by W. Let A = Aq denote the coweight lattice of T 
which is the same as the weight lattice of T. The choice of Borel subgroup B C G 
defines the cone Aq C Aq of dominant weights of T. 

The lattice A = A G is identified with the quotient T(X)/T(0). For A 6 A we 
denote by t x any lift of A to T(X). Its image in Grc = G(X)/G(0) is independent 
of the choice of a lift, and will be also denoted by t x , or sometimes just A G Gr G . 
Moreover, we will keep the same name for the closed embedding A Gr. Let Gr A 
denote the G(0)-orbit of A, and let Gr A C Gr denote the closure of Gr A . It is well 
known that Gr = IJagA Gr A , and that Gr A = Gr' 1 iff A and fi lie in the same VF-orbit 
on A. In particular, Gr = LLeA+ Gr A . 

It is known that as a byproduct of the existence of S (or S) one can get a geometric 
construction of finite-dimensional representations of G. It is not difficult to note 
that this realization immediately gives rise to some additional structures on finite- 
dimensional representations of G and one may wonder what is the representation- 
theoretic meaning of those finer structures. In this paper we are going to explore one 
such example. Namely, let V G Rep(G) and let \x be a weight of V, i.e. an element of 
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A such that ^ 0. Let also w G W. Then we explain in Section 1.3 that from the 
geometry of Gr one gets a canonical isomorphism l^gC^xA 1 ) — > V wfl ®C(tx A 1 ). 
Here A 1 is the affine line and C(t x A 1 ) denotes the field of rational functions on 
t x A 1 . The main purpose of this paper is to show that when /i G A + the above 
isomorphism coincides (up to some simple reparametrization) with the one provided 
by the dynamical Weyl group constructed in [5]. 

1.2. More notation. For X, fj, G A+, we have Gr^ C Gr A iff fj, < A, i.e. A - fi is 
a sum of positive roots of G. We denote by G[i _1 ]i C G[t _1 ] C G(%) the kernel 
of the natural ("evaluation at oo") homomorphism G[i _1 ] — > G. For \i G A we 
set Gr M = G\t~ x \ • \x C Gr, and W M = G^ 1 ]! • \x. The locally closed embedding 

<— > Gr will be denoted by i M . For dominant \i < A G A+, we set W A = Gr A nW M , 
and W A = G7 A n W M . The variety W A can be thought of as a transversal slice to Gr M 
inside Gr A . 

For V G Rep(G) we can restrict the G(O) x C*-equivariant perverse sheaf S(V) to 
the transversal slice W M . We have i*^^- dim Gr^] ~ i| 1 S(y)[dimGr' i ], and we will 
denote this restriction by Sfj,(V). It is a T x C*-equivariant perverse sheaf on W M . 

Let T C -B- C G be the opposite (to T C £> C G) Borel subgroup, and let 
A_ C £?_ be its unipotcnt radical. For w G W we consider the conjugate subgroup 
:= w~ 1 N-w for any lift w of w to the normalizer of T. For A G A we set 
% w _ tv^(3C) • A C Gr. The locally closed embedding <T£ Gr is denoted by i^, and 
the closed embedding A ^ X™ i s denoted by j™. 

For a T x C*-equivariant constructible complex J on Gr, we denote by R^J the 
iJ' xC , (pt)-module j™*z™ ! 3 r [(w/x, 2/5}]. Here 2/5 is the sum of positive roots of G, and 
H TxC*(pt) - c [t x Al l- We denote by r™3 the vector space )™*i™ x -3[{wu., 2p)} with 
T x C*-equivariance forgotten. Thus, r™3 is the fiber of R™3 over G t x A 1 . 
Similarly, for a T x C*-equivariant constructible complex 1 on W M , we denote by 
R™J the ff' xC „(pi)-module j™*!™ 1 ^. We denote by r™3 the vector space j™**™ 1 ? 
with T x C*-equivariance forgotten. Thus, r™J is the fiber of R™3 over G t x A 1 . 

1.3. Hyperbolic stalks. Recall that for V G Rep(G) we have a T x C*-equivariant 
perverse sheaf S^V) on the slice W M . The equivariant costalk fi'-S^V) = )™'i™ [ S^(V) 
is an H' xC , (pt)-module equipped with a natural morphism G™ to )™* i™' S ^(V) = 
R^S^V). Note that C™ is a morphism of H^ xC ,(pt) = C[t x A^-modules. If 
we extend the scalars to the field of fractions C(t x A 1 ), the morphism C™ be- 
comes an isomorphism due to Localization Theorem in equivariant cohomology (note 
that (j, is the unique T-fixed point of W M ). For w,y G W, we denote by Aw"y V ^ : 
R™^(F)® c[txA i ] C(txA 1 )^R«^(F)® c[t><A i ] C(txA 1 ) the composition G^G™)" 1 . 

Lemma 1.4. (aj For w G W, /i G A, V G Rep(G), we have a canonical isomorphism 
r ™ s ii.( v ) - v wn (the w^-weight space ofV); 

(b) For w G W, fi G A, V G Rep(G), we have a canonical isomorphism R™5 M (V r ) = 
r^jgCltxA 1 ]. 

According to Lemma 1.4, we can view the isomorphism as going from 

V wll <8)C(t x A 1 ) to V yil ®C(t x A 1 ). Let us denote by h G C[A X ] the positive generator 
of Hi, (pt,Z). 
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1.5. Dynamical Weyl group. The dynamical Weyl group operators for simple 
Lie algebras were introduced in [12] by analogy with extremal projectors of [1]. 
We will follow the presentation of [5]. We refer the reader to loc. cit. for the 
discussion of numerous applications of the dynamical Weyl group. Let Un be the 
"graded enveloping" algebra of g, i.e. the graded C [h] -algebra generated by g with 
relations xy — yx — h[x,y] for x,y G g. It is a subalgebra of U(q) <g> C[H]. Any 
V G Rep(G) gives rise to a structure of L^-niodule on V <8> C[H], and then the con- 
struction of [5] (Section 4, Main Definition 2) produces the dynamical Weyl group 
operators A w y : V <g> C(t* x A 1 ) -> V ® C(t* x A 1 ). Here A 1 is the affine line 
with coordinate h. Note that for /i G A, the operator A w y takes the weight space 
Vfj, <8> C(t* x A 1 ) to the weight space V Wfl <S> C(t* x A 1 ). 

Recall that t* = t, and let 2p G t* = t be the sum of all positive roots of G. Let e 
stand for the neutral element of the Weyl group W. The following is the main result 
of this paper: 

Theorem 1.6. Let V G Rep(G), fj, G A+. For x G t x A 1 we have &e,w V \x) = 
A w ,v{— x — hp). This is an equality of rational functions on t x A 1 with values in 
Hom(V^,t4, M ). 

1.7. Organization of the paper. Section 2 is devoted to the proof of Theorem 1.6. 
Let us note that the only proof we have at the moment is by means of some "brute 
force" calculation. In particular, we don't use the elegant definition of A w y via 
intertwining operators between certain Verma-type modules over g given in [5] ; rather 

by using some formal properties of both A w y and A^ V ^ we reduce Theorem 1.6 to 
the case of G = PGL(2) where the two sides are compared by means of an explicit 
calculation (for A w y this calculation is done in [5]). It would be interesting to find a 
more conceptual proof of Theorem 1.6. 

In Section 3 we formulate a conjectural generalization of Theorem 1.6 to the case 
of affine Kac-Moody groups (based on the construction of affine analogs of given 
in [4]). 

1.8. Acknowledgments. The idea of this work was born after a series of conver- 
sations we had with D. Maulik and A. Okounkov, who explained to us the contents 
of their work in progress [9]; in particular, one of the (numerous) results of [9] prob- 
ably implies a proof of our Conjecture 3.3 in the case of level 1 representations for 
G = GL(n). In fact, one of the main purposes of this paper was to put this result in 
some more general framework. We would like to thank D. Maulik and A. Okounkov 
for their patient explanations of the contents of [9] to us. 

We are also grateful to P. Etingof for teaching us about the dynamical Weyl group. 
We are happy to thank the IAS at the Hebrew University of Jerusalem for the excellent 
working conditions. M. F. was partially supported by the RFBR grant 09-01-00242, 
the Ministry of Education and Science of Russian Federation, grant No. 2010-1.3.1- 
111-017-029, and the AG Laboratory HSE, RF government grant, ag. 11.G34.31.0023. 

2. Proofs 

2.1. Proof of Lemma 1.4. (a) By definition of the Mirkovic-Vilonen fiber functor, 
we have r^S(V) = V^. Due to the G(0)-equi variance of the sheaf S(V), we have 
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r™S(V) = r^^SiV) = V w ^. Let A e A+ be big enough so that Gr A contains the 
support of S(V). According to Propositions 1.3.1 and 1.3.2 of [7], there is a T x 
C*-invariant open subset C/ M C Gr M containing p and an open T x C*-equivariant 
embedding U x := U» x W x ^ Gr" A . 

Recall that 2p stands for the sum of all positive roots of G. We view 2p as a 
cocharacter C* — > T. Then X™ is the repellent of the point p e Gr with respect to the 
one-parametric subgroup 2w,o : C* — > T, i.e. 1™ = {g G Gr : lim z ^ 00 2wp(z)g = p} 
(see [10], (3.5)). It follows that 1™ n C7 x = (T™ n x (I^nWJ). Now 5(^)1^ = 
IC(Gr>)|[/M E ^ (V). We conclude that r™S(F) = r™IC(Gr>) ® r^S^V). 

Now n Gr^ 1 = N™(0) ■ p (see [10], proof of Theorem 3.2) is an affine space 
contained in Gr M . So IC(Gr M ) is constant along 1™ (~l Gr M , and we have canonically 
r£TC(Gr>) S C. Thus, = r™S(V) S C ® r™S M (V) = r™S^(V). The proof of (a) 
is complete. 

To prove (b) note that by (a) and Theorem 3.5 of [10], r™S^(V) is concentrated 
in degree and coincides with the degree zero part of R™S^(V). Thus the natural 
map (the action) r^S^V) ® H' xC ,(pt) — > R"^S^(V) is the desired isomorphism. The 
proof of the lemma is complete. 

2.2. Proof of Theorem 1.6 for G = PGL(2). For G = PGL{2) we have G = 
SL(2), and let V = V x be the irreducible representation of G with highest weight 
A 6 N, and highest vector v\. We consider the basis p = —A, — A + 2, . . . , A — 2, A} 

of V x such that v\- 2 k = tj w a where (e,h,f) is the standard basis of sl(2). In this 
basis, the action of dynamical Weyl group is computed in Propositions 6 and 12 of [5]. 
If s is the nontrivial element of W — Z/2Z, and p > 0, then 

(2.1) A s yx{x) Vll = (-1) ' — — 3—- 

(a; + ft If^n)^ + 2n Y^n.) ...[x — pn) 

Here x E C[t] stands for the linear function (•, a) where a is the positive simple root 
of G. We see that 

(2.2) A a , v . (-x - ft>, = I n J A+ ; 2 

(-1 J ±i ft)(— x + ft 2 ) ■ ■ ■ \ x ~ pn) 

We have S(V X ) = [A], and V x = H'(Gi x , C[A]). The basis consists of the 
(Poincare duals) of the fundamental classes of the closures of intersections 1^ (~l Gr A 
(see e.g. Section 5.2 of [3]). We conclude from the proof of Lemma 1.4 that under the 
isomorphism R^S^V^ V x ®C[x, ft] (resp. R'S^fV*) V x ^ ® C[x, ft]) the positive 
generator of the cohomology with integral coefficients goes to (resp. to v-^). Here 
x stands for the positive generator of the integral equivariant cohomology H^(pt, Z). 
Let 1 M stand for the unit element in the equivariant costalk /u'C^fA]. 

Then 

(2.3) C«(l„) = (-.x - ±±±h)(-x + ft - ±±±h) ...(-x-h- ph)v„ 
while 

(2.4) C'JlJ = (a: - ft)(x - 2ft) ... (x - ^ft)^. 
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In effect, T^flWj is a T x C*-invariant open subset of the affine space A 2 ^ ~ T^nGr A 
containing the only T x C*-fixed point p, and the action of T x C* on A - a 11 is linear 
with weights {— x — ^^-h, —x + ft — ^r^ft, . . . , —x — ft — ph} (see e.g. Section 5.2 
of [3]). Similarly, n W A is a T x C*-invariant open subset of the affine space A 2 ^ 

with the linear T x C*-action with weights {x — ft, x — 2ft, ... , x — ^^h}. 

s (v x ) 

Comparing (2.3) and (2.4) with (2.2) we conclude that A e ,« (x) = A s y\ (—x—ft). 

2.3. Reduction to rank 1. By construction of operators A, for any /i e A, V G 

Rep(G), wi, w 2 e W we have kw%%\ W2 o Af^ 2 y) = Af^£2 2 , and also A^^ W2 (a;) = 
he!w^\w 2 x). In particular, 

(2-5) AffM o Af^>(x) = AfW$>). 

According to Lemma 17 of [5], in case length l(wiw 2 ) = l(wi) + l(w 2 ), we have 

(2.6) A wi! v(w 2 x) o A W2iV (x). 

Comparing (2.5) and (2.6) and choosing a reduced decomposition of w G W into a 
product of simple reflections, we see that it is enough to prove Theorem 1.6 for w = s 
a simple reflection. 

Let G D P -» L be the corresponding (to s) submimimal parabolic subgroup 
containing B-, and Levi group. We denote by L C G the corresponding semisim- 
ple rank 1 Levi subgroup of G. The connected components of Grp are numbered 
by the lattice Aq,p of characters of the center Z(L) of L. For 9 G Aq,p wc de- 
note by le : Gvpfi Grc the locally closed embedding of the corresponding con- 
nected component. We denote by p e : Grp.g — > Gtl.b the projection to the cor- 
responding connected component of the affine Grassmannian of L. Let Pg,l stand 
for pa — Pl- Then for a G(0)-equi variant perverse sheaf 3 on Gr G the direct sum 
©6»eA G P P^e^KM' 2/5(3, l)] is a £(0)-equi variant perverse sheaf on Gr L (sec [2], Propo- 
sition 5.3.29) to be denoted by R G ' L J = (J) egA R G,L 7. Moreover, according to 

loc. cit, for any V G Rep(G) we have R G ' L S{V) = S* L (Rcs£ V) where Res£ V stands 
for the restriction of V from G to L. 

Given p G A wc will denote by p, its image in the quotient lattice Ag,p- For 
a T x C*-equivariant constructible complex on the slice W M , it is easy to see that 
R^'J = pii'pJ will be a T x C*-equivariant constructible complex supported on 
(the transversal slice on the affine Grassmannian of L through the point p). 
For V G Rep(G), p G A + , and w G Wl = {e,s} by the base change we have 
R$' w S<j(V) = R^S^V) ^ R^RjpSjf (V") S R^S^Resf V) where we have added 
the superscripts G or L to R™ and in order to distinguish the hyperbolic stalks taken 

G S^" (V) 

on transversal slices of the affine Grassmannians of G of L. Moreover, A e .' s ^ = 

L,s£(Rcs£ V) 

Now all the connected components of Gr L are of the type considered in Sec- 
tion 2.2, and the L(0)-equivariant perverse sheaf S^{ResfV) is a direct sum of 
sheaves considered in Section 2.2. Finally, the action of the dynamical Weyl group 
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operator A s y is defined as A s Kcs g v - By the virtue of Section 2.2 we conclude that 

^s (V) (x) = A s . v (-x-hp). 

This completes the proof of Theorem 1.6. 

3. Affine case 

3.1. The group G a s. From now on we assume that G is almost simple and simply 
connected. To a connected reductive group G as above one can associate the corre- 
sponding affine Kac-Moody group G a g in the following way. One can consider the 
polynomial loop group G[t,t _1 ] (this is an infinite-dimensional group ind-scheme) 
It is well-known that G[t, t~ l ] possesses a canonical central extension G of G[t, i -1 ]: 

1 ->• <G m -> G -)■ G[M _1 ] -> 1. 

Moreover, G has again a natural structure of a group ind-scheme. 

The multiplicative group <G m acts naturally on G[i,t _1 ] and this action lifts to G. 
We denote the corresponding semi-direct product by G ar j; we also let g a ff denote its 
Lie algebra. 

The Lie algebra g a ff is an untwisted affine Kac-Moody Lie algebra. In particular, it 
can be described by the corresponding affine root system. We denote by q^ s the Lang- 
lands dual affine Lie algebra (which corresponds to the dual affine root system) and 
by G^ ff the corresponding dual affine Kac-Moody group, normalized by the property 
that it contains G v as a subgroup (cf. [4], Subsection 3.1 for more details). 

We denote by A a gf = ZxAxZ the coweight lattice of G ar f; this is the same as 
the weight lattice of G^ ff . Here the first Z- factor is responsible for the center of G^ ff 
(or G v ); it can also be thought of as coming from the loop rotation in G a g. The 
second Z-factor is responsible for the loop rotation in G^ s it may also be thought of 
as coming from the center of G a ff). We denote by A+ ff the set of dominant weights 
of G^ ff (which is the same as the set of dominant coweights of G a ff)- We also denote 
by A a ff ; fc the set of weights of G^ ff of level k, i.e. all the weights of the form (k, A, n). 
Weput A+ ffife = A+ ff nA aff;fe . 

Important notational convention: From now on we shall denote elements of A by 
\,~p... (instead of just writing in order to distinguish them from the coweights 

of G a ff (= weights of G^ ff ), which we shall just denote by A, /i... 

Let A^" C A denote the set of dominant coweights of G such that (A, a) < k when 
a is the highest root of g. Then it is well-known that a weight (k, A, n) of G^ ff lies in 

A aff,fc if and 0nl y if ^ G A fe ( tllUS A aff,fe = A+ X Z). 

Let also W a ff denote affine Weyl group of G which is the semi-direct product of W 
and A. It acts on the lattice A a ff (resp. A) preserving each A^^ (resp. each Afc). In 
order to describe this action explicitly it is convenient to set W a a,k — W x kA which 
naturally acts on A. Of course the groups VF a ff,fc are canonically isomorphic to W a g 
for all k. Then the restriction of the Wag-action to A a gj, ~ A x Z comes from the 
natural Waff^-action on the first multiple. 

It is well known that every W ar r-orbit on A a s t k contains unique element of A^ ff k . 
This is equivalent to saying that A^" ~ A/Waff,fc- 
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3.2. Repellents. Our dream is to create an analog of the affine Grassmannian Gtg 
and the above results about it in the case when G is replaced by the (infinite- 
dimensional) group G a ff. The first attempt to do so was made in [4]: namely, in loc. 
cit. we have constructed analogs of the varieties in the case when G is replaced 
by G a ff. We will not reproduce the (rather involved) definition of here; we only 
mention that the open pieces are the moduli spaces of certain G-bundles on P 2 
trivialized at infinity P 1 C P 2 . The complement A 2 = P 2 \ P 1 is equipped with coordi- 
nates (z, t), and with the action of C* x C* : (a, b) ■ (z, t) — (az, bt). The 2-dimensional 
torus C* x C* acts on by transport of structure, and T C G acts via trivialization 
at infinity. Let C^ yp := {(c,^ 1 )} cC'xC* (rcsp. C* A := {(c,c)} C C* x C*) stand 
for the antidiagonal, alias hyperbolic, (resp. diagonal) subgroup. Let us denote the 
torus C£ yp x T by T. Thus, the slices are equipped with the action of the torus 
fxC* A . The Lie algebra of T is denoted by t. 

The cocharacter lattice X„(f) = ZxAcZxAxZ = -X*(Taff). Accordingly, we 
have T c T a ff- We propose that the action of T on of the previous paragraph 
is nothing else than the action coming from the T a ff-action on the transversal slices 
of the double affine Grassmannian. Also, the action of on of the previous 
paragraph is nothing but the loop rotation action on the transversal slices of the 
double affine Grassmannian. 

Let I (resp. I a g = I LJ io) stand for the set of vertices of the Dynkin diagram of G 
(resp. of G a ff). For i G I we denote by tJj G X t (T) the corresponding fundamental 
coweight of G, and we denote by ai G N the corresponding label of the Dynkin dia- 
gram of Gaff. Thenw J0 := (1,0) eZxI,(T) = X*(T), w t := (a;,w;) G xj(f), i G /, 
are the fundamental coweights of G a ff. We set p := ^ ie j w» (not to be confused 
with the halfsum p of positive coroots of G). The group Waff,fc acts on X*(T), and for 
w G VFaff./t let us view wp as a one-parametric subgroup C* — > T. The torus T acts on 
with the only fixed point, to be denoted abusively by /i, and by analogy with Sec- 
tion 2.1, wc define X™ C W£ as the repellent X™ := {g G W£ : lim^^ wp{c)g = fj}. 
For G = SL(N) these repellents were considered by H. Nakajima in Section 6 of [11] 
under the name of MV cycles. 

The same procedure as in Section 1.3 defines an isomorphism 

aS WJ) : R-IC(W^) ® c[TxA1] C(t x A 1 )^R^IC(W^) ® c[TxA1] C(t x A 1 ). 
Here A 1 is the affine line with coordinate h, the positive generator of the integral 
equivariant cohomology H^(pt,Z). 

Conjecture 3.3. (a) For A, fi G A+, w G W aStk , we have R™IC(W£) = T/^<8>C[tx A 1 ] 
where V* stands for the wp,-weight space of the irreducible integrable G^ s -module 
with highest weight X; 

(b) We have (K e , w " {x) = A w V \ (—x — hp) where A w V \ stands for the dynamical 
afhne Weyl group action of [5] . 

As was mentioned in the Introduction, in the case of representations of level 1, one 
can probably deduce Conjecture 3.3 for G = SL(n) (as well as some generalization of 
Conjecture 3.3 to G = GL{n)) from [9] (by using also the results of [4] and [11]). 
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